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Abstract. Let A be a linear differential operator acting on the space of densities of a 
given weight Ao on a manifold M. One can consider a pencil of operators 11(A) = {A A } 
passing through the operator A such that any A\ is a linear differential operator acting 
on denstities of weight A. This pencil can be identified with a linear differential operator 
A acting on the algebra of densities of all weights. The existence of an invariant scalar 
product in the algebra of densities implies a natural decomposition of operators, i.e. pencils 
of self-adjoint and anti-self-adjoint operators. We study lifting maps that are on one hand 
equivariant with respect to divergenceless vector fields, and, on the other hand, with values 
in self-adjoint or anti-self-adjoint operators. In particular we analyze the relation between 
these two concepts, and apply it to the study of diff (M)-equivariant liftings. Finally we 
briefly consider the case of liftings equivariant with respect to the algebra of projective 
transformations and describe all regular self-adjoint and anti-self-adjoint liftings. 

1. Introduction 

We say that s = s(x)\Dx\ x is a density of weight A on a manifold M (which we assume to 
be orientable with a given orientation) if under a change of local coordinates it is multiplied 
by the A-th power of the Jacobian of the coordinate transformation: 

s = s(x)\Dx\ x = s{x(x')) (det (J^)) \Dx'\ x . (1) 

Let 3~\ = 5F A (M) denote the space of densities of weight A on M for A an arbitrary real 
number. Note that the space of functions on M is !?o(M), denstities of weight A = 0. 

Differential operators on the space of densities of different weights have been under inten- 
sive study, see [SJ, pQ, [2J, [TO], [3], [5], [I], [5] and the book [TT] and citations therein. See 
also [6] and [7J. 

In these works the spaces D A (M), of linear differential operators defined on 3\{M) were 
studied. In particular in [8], [2] and [10], the problem of the existence of diff -equivariant 
maps between these spaces were studied. The spaces D A (M) can be naturally considered 
as modules not only over group of diffeomorphisms but also over its subgroups such as 
projective or conformal transformations (provided the manifold is equipped with projective 
or conformal structure). 

In the works [9], [3J the question concerning the existence of a quantisation map equivari- 
ant with respect to projective or conformal groups was studied. They constructed a unique 
full symbol calculus in each of the above cases, and used this to define the quantisation 
map. On the other hand authors of the works J6] and [7J whilst analysing Batalin-Vilkovisky 
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geometry and A-operators on densities of weight |, naturally came to the analysis of second 
order operators acting on the algebra of densities of all weights. Considering the canoni- 
cal scalar product in this algebra, for the classification of second order operators on odd 
symplectic supermanifold, they come in particular to a self-adjoint pencil lifting of second 
order operators in the spaces D\(M). This result gave a clear geometrical picture to the 
isomorphisms between modules T> x (M) established in [2]. 

1.1. Operator pencils and operators on algebra of densities. One can consider pencils 
of differential operators (these shall also be referred to as operator pencils), i.e. a family 
of operators depending on a parameter A, such that for each A, A A is a differential 
operator that acts on the space 3^. For a simple example of an operator pencil let x be the 
standard coordinate on the line M then the formula 

{A A }: A x = A(X)-^ + B(X)^ + C(X), Ja^a, (2) 

where A(X), B(X), C(X) are functions of A, defines a pencil of second order operators on K. 

In this paper we shall study pencils of operators passing through a given operator which 
acts on densities of a given weight. For further considerations it will be useful to identify 
pencils of operators with operators acting on the algebra of all densities, ^(M) = (Bx^xi^M). 
(If si = si(x)\Dx\ Xl G 3 r \ 1 is a density of weight Ai and s 2 = s 2 (x)\Dx\ X2 G 3 r x 2 is a density 
of weight A 2 then their product is a density S\ • s 2 = s 1 (x)s2(x)\Dx\ Xl+x ' 2 of weight Ai + A 2 . 
See in more detail [5J.) 

Consider the linear operator A acting on the algebra 3(M) which multiplies a density by 
its weight: 

As = As if s G Ja : A (s(x)\Dx\ x ) = Xs(x)\Dx\ x . (3) 

The operator A (weight operator) is a first order linear differential operator on the algebra 
J(M) as the Leibnitz rule is obeyed: 

A(si • s 2 ) = A(si) • s 2 + si • (As 2 ) . 

Respectively X n is an ra-th order linear differential operator on 3(M). 

This observation allows us to consider operator pencils which depend polynomially on A 
as differential operators on the algebra 3(M) of all densities. For example the operator 
pencil {A A } : A A = X-£^ + (A 2 + !)-£, on R (an operator pencil of the form (T5]) for A(X) = 
A, B(X) = X 2 + 1, C(A) = 0) can be considered as a third order operator 

- - d 2 - d 
dx 2 ^ ^ dx 

on the algebra ^(R). A general differential operator A of order ^ n on the algebra J(M) 
can be written locally as an expansion of the form 

A = i>) + A L^-V + A 2 + ... + A"- 1 + A" , (4) 

where A is the weight operator ()3]), and the coefficients in the expansion are usual 
differential operators of orders ^ i acting on densities. The corresponding operator pencil is 

{A A } : A A = A|^ (M) = L (n) + XL^ + A 2 L (n - 2) + . . . + A n_1 L (1) + A n L (0) . (5) 

It is useful to consider vertical operators and vertical maps on the algebra of densities: 
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Definition 1. An operator A acting on 3(M) is called vertical if for an arbitrary function 
/ and a density s 

A(fs) = fA(s) . (6) 

If A is vertical operator, then A = ^ X k Ck{x), and the restriction of it to any space 3^ is 
an operator of order 0, i.e. multiplication by a function. 

Similarly we shall call a map of operators vertical if its image lies in the space of vertical 
operators. 

Later by default we shall only consider operator pencils depending polynomialy on the 
weight A 



Pencils of differential operators 
acting on 3 r \(M) with polynomial 
dependance on A 



Differential operators 
on the algebra 3(M) 



We shall continuously make the identification above throughout the text, namely operator 
pencils with their corresponding operators on J{M). 

We shall formulate now explicitly what we mean when we say that we "draw a pencil" 
through a given operator. Denote by D^\m) the space of linear differential operators 

of order ^ n acting on the space £F^(M) and by D' n '(M) the space of linear differential 
operators of order ^ n acting on algebra ^(M) q We also consider the spaces D\(M) = 

U n D ( £ l \M) of linear differential operators of all orders acting on 9^ and respectively the 
space D(M) = \J n T)^ n \M) of linear differential operators of all orders acting on 3(M). 

Recall that an arbitrary linear differential operator A on 3(M) may be identified with an 
operator pencil {Aa}, A|~_ a = Aa (A|~_ a = A^ polynomially depending on A, thus 

in particular an operator A of order ^ n acting on ^(M), (A e D^ n \M)) can be considered 
as an operator pencil, which is a polynomial in A, of order ^ n such that terms which have 
order k over the weight operator A {k ^ n) possess derivatives over the coordinates x l of 
order ^ n — k (see equations (jlj) and ([5])). 

Definition 2. We say that the operator A on the algebra of densities is a pencil lifting of 
the operator A, (or just a lifting of A) if the restriction of A to the space 3 f \(M) is the 
operator A itself: 

One can say that the operator pencil, which is identified with the operator A, passes through 
the operator A. 

We consider linear maps II from differential operators on densities of an arbitrary but 
given weight A, to operators on the algebra of all densities. We say that a map IT, defined 
on operators acting on the space 3 f \{M), is a pencil lifting map (or just shortly lifting map) 
if the operator A = 11(A) is a pencil lifting for any operator A. 



An operator A £ e D^ n \M) has an order ^ n if for an arbitrary density s the commutator with the 
multiplication operator A,s = so A - A o s is an operator of order ^ n — 1. Respectively an operator 

A e , A : — > 3\\ has order ^ n if the operator [A,/] = /oA-Ao/ has order ^ n — l for an arbitrary 
function /. 
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Remark 1. In this article we will only consider operators of weight 0, i.e. operators which 
do not alter the weight of densities. (An operator A has weight 5 if [A, A] = 5 A.) In fact 
there are many interesting phenomena associated to operators of non-zero weights (see for 
example the book [TT] and citations therein). In our analysis these results crop up as well 
and we will consider them later. 



Definition 3. Pick an arbitrary Ao G IR and arbitrary n. Let II be a pencil lifting map 

)(n) 



defined on the space D^(M): 



ff: 2)W(M)^(M), n|^ (M) = id. 

We say that the lifting map II is a regular lifting of the space (M) if it takes values in 
operators of order ^ n: 

VA G T>Xo(M), fi(A) G D (n) (M). 

We say that IT is a strictly regular lifting map on D^ 1 (M) if its restriction on every subspace 
^>\}{M) C T>[ n J(M), (k ^ n) is a regular lifting map: 

VA; a.VAe Dxo{M), fi(A) G 2) (fc) (M) . 

In other words for a given n, regular liftings map operators of order ^ n to operators of 
order ^ n, and strictly regular liftings do not increase the order of any operator A which 
has order less or equal than n. 

Example 1.1. Let £>[, 2) (M n ) be the space of second order operators on functions on Cartesian 
space W 1 . Consider the map 

n(A) = A + AAi = S ij (x)didj + A i (x)d i + F(x) + A (aS ij (x)d i d j + b (d k S ki {x) + A\x)) d t ) , 

with values in operator pencils, operators on the space of all densities on M. n , where a and b 
are arbitrary parameters. This is a lifting map since A = 11(A) | A _ Q = A and assigns to the 
second order operator A = S^didj + A l di + F the pencil {Aa} of second order operators, 
A + AAi passing through the operator A. On the other hand this pencil defines a third 
order operator on the algebra of densities in the case if a ^ and S 1 ^ ^ 0, since the operator 
AAi = aXS^didj + . . . acting on ^(IR™) has order three. We see that the lifting map 11(A) 
is a regular map if and only if a = 0. This regular map is strictly regular if and only if b = 
also, since in the case A is a first order operator and b ^ 0, the operator 11(A) = XbA l di is a 
second order operator. (We will give another more geometrical examples later in the text.) 

In what follows we consider liftings maps that are equivariant with respect to some sub- 
group of the group of diffeomorphisms or with respect to some subalgebra of the algebra of 
vector fields (infinitesimal diffeomorphisms). 

A lifting map, A h-> 11(A), is equivariant with respect to the diffeomorphism if if <p* ^II(A) 

II (</?*A) for an arbitrary operator A. Respectively, a lifting A (->■ 11(A) is equivariant with 
respect to the vector field X on M (an infinitesimal diffeomorphism) if 

ad x n(A) = n(adxA) , 
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for an arbitrary operator A, where we denote by adx the action of X on an operator A: for 
an arbitrary density \1/ 

adxA(^) = £ x (A (*)) - A (£ x (*)) , 
where £x is the Lie derivative with respect to vector field X. 

Definition 4. Let G C Diff (M) be a subgroup and let 9 = S(G) be the corresponding Lie 
subalgebra of vector fields. A pencil lifting map II is G-equivariant if it is equivariant with 
respect to all ip G G. Respectively a lifting map II is 9-equivariant if it is equivariant with 
respect to an arbitrary vector field X G 9- (We will also refer to such maps as G-liftings 
respectively 9-liftings.) 

In this article we primarily consider SDiff P (M), that is the group of diffeomorphisms that 
preserve a volume p on M, and the corresponding algebra, sdiff P (M), of divergenceless 
vector fields: 

X G sdiff p : div p X = p _1 £ x p = diX\x) + X i (x)d i \ogp(x) = , (p = p(x)\Dx\) . (7) 

We shall also discuss equivariance with respect to the full group of diffeomorphisms, and in 
the final section we shall consider projective transformations. 

Technically it is more convenient to consider invariance with respect to a Lie algebra rather 
than the group. We will mostly consider liftings equivariant with respect to a Lie algebra. 

On 3"(M) one can consider the canonical scalar product, ( , ), defined by the following 
formula: for «i = Si(x)\Dx\ Xl and s 2 = S2{x)\Dx\ X2 then 

{J M s 1 (x)s 2 (x)\Dx\, if Ai + A 2 = 1 , 
(8) 
Oif if Ai + A 2 ^ 1 . 

This implies that a linear differential operator A acting on the algebra ${M) has an adjoint 
operator A*: 

(A Sl , S2 ) = < Sl) A* S2 ) (fr)l^ ■ W 

One can see that A* = 1 — A, (d/dx 1 )* = — (d/dx % ). (For details see [5] or [7].). We thus 
come to the notion of a self-adjoint (anti-self-adjoint) operator on the algebra of densities. 
These constructions, which were introduced in [6] for analysis of second order operators, 
will be in active use in our considerations. In particular we can consider self-adjoint and 
anti-self-adjoint lifting maps, where a lifting map, EE, is called self-adjoint (anti-self-adjoint) 
if for an arbitrary operator A the operator 11(A) is a self-adjoint (anti-self- adjoint) operator 
on the algebra of densities. 

Remark 2. If A = X r S n ■■■*"~ r <9j 1 . . . di n _ r + ... is an rt-th order operator such that the tensor 
S %1 — %n - r does not vanish identically, then 

A* = (\*) r (-l) n - r S h - in -"d il . . . d in _ r + ...= 

(1 - X) r (-l) n ~ r S il - in - r d il . . . d in _ r + ... = (-l) n \ r S l ^—d tl . . . d in _ r + ..., 
i.e. the operator A — (— l) n A* is an operator of the order ^ n — 1. 
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In particular it follows from this fact that if we consider liftings of operators defined on the 
spaces (operat ors of the order ^ n on densities of weight Ao), then self-adjoint pencil 
liftings have to be considered if n is an even number, and anti-self-adjoint pencil liftings if n 
is an odd number. 

This article contains the following: 

In section [2] we recall constructions of canonical pencils on the spaces of first order and 
second order operators. Pencil liftings for first order operators is just a reformulation of 
standard exercises in differential geometry concerning Lie derivatives of functions and densi- 
ties. For second order operators we briefly recall the constructions suggested in [B], where a 
canonical self-adjoint pencil of second order operators was constructed. It turns out that for 
every second order operator A G D\(M) (A ^ 0, 1/2, 1) there exists a unique such a pencil. 
This pencil provides us with a regular diff (M)-equivariant pencil lifting map on T>\ (M). 
Restricting this pencil for different values of A' leads to isomorphisms of diff -modules 
and D^) (A, A' 7^ 0,1/2,1). These are just the isomorphisms established in the work [2J 
of Duval and Ovsienko. The canonical self-adjoint pencil reveals not only the geometrical 
meaning of their isomorphisms but also indicates the special role of self-adjointness for maps 
between spaces of operators. 

What about maps between spaces of higher order operators? Results of the works [8J 
and [10J imply sort of no go theorem that there do not exist diff (M)-equivariant liftings 
on D^(M), if manifold M has dimension greater than 1. We shall attempt to analyze the 
geometrical reasons behind this. In section [3] and H] we consider a smaller algebra of diver- 
genceless vector fields, sdiff (M), corresponding to the group SDiff (M) of diffeomorphisms 
preserving a volume form. On one hand the volume form identifies all the spaces !J\(M) 
and hence the spaces of operators T>\(M). On the other hand any candidate for diff (M)- 
equivariant map has to pass the test of being at least sdiff (M)-equivariant. We describe 
all regular sdiff -equivariant pencil liftings and (anti)-self-adjoint regular sdiff -pencil liftings 
if manifold M has dimension greater than 2. It turns out that only self-adjoint sdiff P (M)- 
liftings have a chance to be diff (M)-equivariant. Namely we see how a pencil lifting depends 
on a volume form, and come to the conclusion that if sdiff ^-lifting map does not depend on 
a volume form p (i.e. it is diff (M)-lifting) at least in a vicinity of a given operator then the 
map is (anti)-self-adjoint in a vicinity of this point (up to a vertical operator) (see corollary 
[TJ below). 

In the section we suggest Taylor series expansion of operators on algebra of densities 
with respect to vertical operators. This Taylor series expansion may be useful for different 
tasks. In particular we use this expansion to describe all (anti)-self-adjoint liftings of an 
arbitrary operator acting on densities. 

Finally in section [6] we briefly consider regular pencil liftings which are equivariant with 
respect to the algebra of projective transformations. We write down the formula for all 
regular liftings equivariant with respect to infinitesimal projective transformations of M. d and 
calculate those that are (anti)-self-adjoint amongst them. 

Remark 3. We only consider linear maps on operators that are differential polynomials. 
These maps are non-other than those that are local by Peetre's theorem [12j. (In fact in the 
case of equivariant maps it can be shown that for suitable algebras of vector fields this is 
automatically satisfied (details can be found in [8] or [9].)) 
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In this article by default the manifold M under consideration is oriented and therefore the 
transformation laws (pQ) are well defined for arbitrary A. For the adjoint of an operator to 
be well defined we suppose that M is compact, or it is an open domain in M m . In the latter 
case we assume that the functions are rapidly decreasing at infinity. 

Acknowledgement. We are very grateful to V. Ovsienko and Th. Voronov for many 
encouraging discussions and advice throughout the time which we were working on this 
article. We would also like to send our thanks to P. Mathonet and F. Radoux for their 
stimulating discussions. One of us (H.M.Kh.) is very happy to acknowledge the wonderful 
environment of the MPI Bonn and I.H.E.S Paris, which was very helpful during the first 
phase of the work on this paper. 

2. Canonical liftings of first and second order operators 

In this section we consider canonical constructions that give us liftings of first and second 
order operators which are Diff (M)-equivariant. In subsequent sections we will see that all 
Diff (M)-liftings that are defined on all operators of a given weight and order are contained 
in these examples. 

2.1. Lifting of first order operators. A vector field X on M defines a Lie derivative £ x , 
a first order operator on the space 3 f \(M) of densities of weight A. If in local coordinates 
(x i ),X = X l (x)d l (d l = £)then 

^k( s ( x )) = £ x {s(x)\Dx\ x ) = (X i (x)d i s(x) + Xd i X i (x)s(x)) \Dx\ x . 

A pencil of Lie derivatives {£ x } can be identified with the Lie derivative £ x , a first order 
operator on 3(M): 

£ x = X\x)d lS {x) + \diX\x) , (2 X ) | X=A = £ x • (io) 
This is an anti-self-adjoint operator: 

(£ x )* = (x\x)di + mxy = -x\x)d l - d l x\x) + x*d l x\x) = -£ x 

since A* = 1 — A. In other words the operator (£ x )* acting on densities of weight (1 — A) is 
equal to — £ X ~ A . 

Pick any Ao and consider a space D^(M) of first order operators acting on densities of 

weight Ao- For an arbitrary operator A e D^(M) consider the vector field A, the principal 
symbol of the operator A: (A/) s = A (fs) — f'A(s), where / is an arbitrary function and s 
is an arbitrary density of weight Ao on M. The difference between the operator A and the Lie 
derivative is a zeroth order operator. We thus come to the conclusion that an arbitrary 
first order operator A can be canonically decomposed into the sum of a Lie derivative and 
a scalar function: 

A = A i {x)d i + B{x) = L {Xo) + S{x) , 
where S(x) = A - £^ o) = B(x) - X^A^x) . (11) 
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Using this decomposition we come to a canonical pencil lifting map defined on the space 
©«(M): 

6(A) = 2 A + S(x) , if A = L% + S(x) , 
where £a is the Lie derivative (I10p . In local coordinates 



6(A) = 6 (A% + B(x)) = A\x)di + XdiAHx) + B(x) - XodiAHx) . (12) 

v ^ ' v v ' 

2 A scalar function 

This is a pencil lifting map, II (A) = A, it is strictly regular and it is obviously a 
Diff (M)-lifting since the map is canonical, it does not depend on a choice of local coordinates. 

One can twist this lifting to get a family of regular pencil liftings: 11(A) = La + C(\)S(x), 
where C(A) is a polynomial of order ^ 1 such that it obeys the condition C(A)|^ = 1, i.e. 

C(A) = 1 + c(A — Ao), where c is an arbitrary constant. We come to the following regular 
pencil liftings of D^(M): 

6 C (A) = L A + (l + c(A - A )) S(x) = 

A i (x)d i + \diA\x) + (l + c(A - A )) (S(ar) - X diA\x)) , c e R. (13) 

This formula presents a one-parametric family, an affine line, of Diff (M)-equivariant regular 
pencil liftings. This affine line possesses the distinguished point c = 0, the unique point that 
corresponds to a strictly regular pencil (fT2l) . All other points on the line are not strictly 
regular liftings (if A = and B(x) ^ 0, then A is a zeroth order operator while 11(A) is a 
first order operator). 

In the case if our original weight Ao 7^ \ the affine line of liftings maps possesses another 
distinguished point: if c = 2 \ Q -\ t nen the lifting f lT3"j) becomes 

^ ^ 2A — 1 ^ 9 A 1 

n(A) = £ A + -S(x) = A\x)d l + \d t A\x) + (B(x) - X d t A l (x)) . (14) 

Zaq — 1 zAo — 1 

This is an anti-self-adjoint lifting: ^TI (A)) = —11(A) since £* A = — L A and (2A — 1)* = 
(2(1-A)-1) = -(2A-1). 

Remark 4. Note that for an arbitrary first order operator A = M l {x)di + \N(x) + P(x) 
the condition of anti-self-adjointness, A* = —A, is equivalent to the condition that N = 
d i M i (x)-2P(x),le. 

A = M i (x)d i + XdiM(x) - (2A - l)P(x) =2 M - (2A - l)P(x) . 

Comparing with equation (fj~4l we see that in the case Ao 7^ \ there is a unique anti-self- 
adjoint regular lifting map defined on the space D^(M). 
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2.2. Liftings of second order operators. We described liftings of first order operators 
using Lie derivatives (ITU]) , which are anti-self-adjoint first order operators. To study canonical 
liftings of second order operators it is useful to recall the description of self-adjoint second 
order operators (for details see [6] or [7]). Let A be an arbitrary second order operator on 
'J(M): 

A = S ij (x)d i d j + \B\x)di + X 2 C(x) + D i (x)d i + XE(x) +F(x) . 

" v ' V ' 

second order derivatives first order derivatives 
The adjoint of this operator has the form: 

A* = S ij (x)d i d j + 2diS ij {x) + d l d J S ij {x)+ 

(x - l) (B\x)di + diB\x)) + (x~ l) 2 C(x) - (A - l) E(x) - D% - diD l (x) + F(x) . 

We see that the condition A* = A is equivalent to 

A = S ij (x)d i d j + djS 3i {x)di + (2X - l) 7 i (x)<9 i + Xda\x) + X (x - l) 6{x) + F(x) . (15) 

Here we denote Y(x) = B l (x)/2 and 6{x) = C(x). The coefficients of the operator f|T5|) have 
the following geometrical meaning: 

• S 1 ^ is a symmetric contravariant tensor field, 

• Y is an upper connection (see appendix [S} , 

• 9(x) is a Branse-Dicke function, (see appendix lAl). 

• F(x) is a scalar function. Usually we enforce the normalisation condition 

F(x) = A(l) = 0. (16) 

Pick an arbitrary A and let A = S ij (x)d i d j + T i {x)d i + R(x) G D^(M). The self-adjoint 
operator A defined by equation f|15|) is a lifting of the operator A, i.e. A|^_ A = A, if the 
following conditions hold: 

T\x) = djS ji (x) + (2A - l)Y(x) , R(x) = A «9 i7 i (x) + A (A - l)9{x) + F(x) . (17) 

We come to the statement that if Ao 7^ 0, ^, 1 then for every operator A G T)^(M), there 

exists a unique second order self-adjoint operator pencil, A, which obeys the normalisation 
condition (|T6|) . and passes through this operator A. This pencil is defined by equations 

_____ _____ _____ /<2\ 

(1T5"|) . (TTTT) and (TTd]) . In other words an arbitrary second order operator A e D\ o (M) (A 7^ 
0, |, 1) uniquely defines the geometrical data (S lk , r y l ,9) (a symmetric contravariant tensor 
field of rank 2, an upper connection and a Branse-Dicke function), and these geometrical 
objects uniquely define the self-adjoint second order operator (|T5l) on T> Xo (M) if we enforce 
normalisation condition (|T6|) . (For more detail see [6], [7].) This canonical map does not 
depend on a choice of local coordinates. Thus we have defined a regular, self-adjoint, cliff (M)- 
equivariant pencil lifting map on the space D^(M) for A 7^ 0, |, 1. 

Do there exist any other regular diff (M)-liftings? Uniqueness of this pencil map on 
D^(M) follows from a theorem proved by Duval and Ovsienko in [2]. In the following 
sections we will give an alternative proof of this result when analysing diff (M)-liftings for 
higher order operators (see section 14.31) . 
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3. Diff (M) and SDiff (M)-equivariant liftings 

In this section we consider SDiff (M)-equivariant regular lifting maps, which we will then 
use for analysing regular Diff (M)-lifting maps. 

Let M be an orientable compact manifold provided with an orientation. We say that 
M has a volume form structure if a volume form p is defined on M. Consider the group 
SDiff p of orientation preserving diffeomorphisms which preserve volume form p, and its 
corresponding Lie algebra sdiff P (M) of divergence- less vector fields (see condition ([7])). 

On a manifold with a volume form p = p(x)\Dx\ an arbitrary density s x = si|Z):e| a of 
weight Ai can be canonically identified with a density s 2 = sip X2 ~ Xl = si(x)p(x) x ' 2 ~ Xl \Dx\ X2 
of weight A 2 . Thus the two spaces 3 r x 1 (M) and 3\ 2 (M) of densities of weights Ai and A 2 are 
naturally identified. This implies canonical isomorphisms between differential operators on 
the spaces of densities: 

P£, Al = ^(M) T> X2 (M), P p X2M (A Al ) = p A - Al o A Al o p x ^ X2 . (18) 

The isomorphisms P A A define lifting maps on the spaces D\(M). Namely choose an 
arbitrary Ao and assign to every operator A Af) on densities of weight Ao, a pencil of operators 
{A A } such that A A = P AAq (A Ao ). This pencil can be identified with an operator on the 
algebra of densities: 

A = P>(A Ao ): A|~ =A = P£ Ao (A Ao ). (19) 

This formula defines a natural lifting P Ao on the space D Ao (M). In local coordinates, (x l ), 
it has the following appearance: 

A Ao = I ' : ■■ '■(,<■)<), . . . d ih ^ A = P£ (A Ao ) = p x - x » o A o p x «- x = 
P*- Xo (x)o (j2L il - i "{x)d il ...d ik ^ op x °- x (x) = 

Y,L l ^{x) (d n + (A - A )r n (x)) • • • (d ik + (A - A )r ifc (x)) . (20) 

Here p = p(x)\Dx\ is the volume form in coordinates x l and Tj = — d{ (logp(x)) is a flat 
connection on densities of weight A = 1 corresponding to the volume form p = p(x)\Dx\. In 
brief we come to the canonical pencil lifting A = P A ° o (A Ao ) by changing partial derivatives 

di for the covariant derivatives Vj = <9« + (A — Ao)Tj. The operator A is an operator on the 
algebra of densities of the same order as the operator A Ao . 

Remark 5. The above expression still makes sense when Tj is an arbitrary connection. We 
shall only consider the above case when Tj corresponds to a volume form. (Note that in the 
case Ti is flat the map (120]) is not just a linear map but a map of algebras.) 

It is important to note that the adjointness operation flUD commutes with the identification 
isomorphisms P A Aa : 

V A e 2) Ao (M) (P^ Ao ( A)) * = Pf_ Ail _ Ao (A*) , 
and for the canonical lifting (|19]) 

VAG\(M) (p| o (A))* = p][^(A*) . (21) 

(Recall that A* G D X _ A (M) if A G D A (M). ) 
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On manifolds with a volume form structure using the indentification isomorphisms P£ Az 
one can consider not only the canoncial scalar product (JHJ) on 5F(M), but also the scalar 
product defined on densities of fixed weights: for s 1 , s 2 G 9^(M), s 2 ) p = J Si -s 2 -p 1_2A . 
Similarly for an operator A G D^(M) one can consider its adjoint (with respect to the volume 
form p), such that it acts on densities of weight A also: A* p = P A1 _ A (A*). In particular 
if an operator A acts on usual functions then its canonical adjoint OH]) A* acts on densities 
of weight 1 whilst its adjoint with respect to the volume form p is an operator acting on 
functions: A*" = Pg A (A*) = p 1 o A* o p. 

We shall now state the following lemma whose proof we reserve for the appendix. 

Lemma 1. Let M be a manifold provided with a volume form p. Denote by D(M) the space 
of linear differential operators on functions on M and by D^(M) its subspace of differential 
operators of order ^ n. Let F be the linear map defined by 

F(A) = aA + bA* p + cA(l) + dA* p (l) (22) 

mapping D(M) to itself, where a,b,c,d are constants, and A* p is the operator adjoint to A 
with respect to volume form p. Then this map is SDiff p (M)-equivariant, and moreover the 
converse implication is true in the case that M is connected manifold of dimension ^3: if 
F is an arbitrary linear sdiff p (M)-equivariant map defined on the subspace D^(M) with 
values in the space D(M), then F(A) has the appearance f l2~2"|) . (We suppose that P(A) is a 
differential polynomial on the coefficients of the operator A.) 

Remark 6. If our map F obeys the stronger condition that it is equivariant with respect 
to the whole algebra diff (M) of infinitesimal diffeomorphisms then we have that 

F{A) — aA + cA(l) . (23) 

The statement of the lemma and equation f l23|) are a sort of Schur lemma for the group 
of diffeomorphisms and its subgroup SDiff P (M). Equation fT23|) states that the Diff (M)- 
equivariant linear maps on operators on functions is proportional to the identity operator 
on the two invariant subspaces of normalised operators and operators of multiplication by 
functions. Equation ( 12"2"|) of the lemma states that a SDiff p (M)-equivariant linear map on 
D(M) is proportional to the identity operator on the invariant spaces of normalised self- 
adjoint operators and normalised anti-self-adjoint operators. (Operator A is normalised if 
A(1)=0.) 

We shall use the lemma for constructing pencil liftings which are sdiff (M) and diff (M)- 
equivariant. Firstly we consider sdiff (M)-equivariant pencil liftings. 

Let a manifold M be equipped with a volume form p. The pencil lifting (1T9]) assigns 

to any operator A G D^(M) the operator A = P Ao (A) of the same order on algebra of 
densities ^(M), i.e. the operator pencil {Aa}: Aa = PjC A (A). This pencil passes through 
the operator A, A|^_ A = A. Thus the canonical lifting (TT9]) is sdiff p(M)-lifting which is 
strictly regular. Are there another strictly regular or just regular sdiff p (M)-liftings? To 
answer this question we analyze regular sdiff p (M)-lifting maps using lemma [TJ 

Pick arbitrary n and Ao and let II = II A ^ n ^(A) be a regular sdiff p (M)-lifting map defined 
on the space D^(M). Recall that a regular lifting on T>^(M) is a linear map on T>^ o \M) 
which takes values in the space T)^ n \M) of operators of order ^ n on ^(M) and a strictly 
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regular lifting of T> x n J (M) restricted to the subspaces D X J (M) takes values in the subspaces 
f>W(M) for all k < n. 

Using the identification isomorphisms (ITS]) assign to the lifting n^ (n) the pencil {F A ff } of 
differential operators acting on functions, defined by if = Pq X o ^fl^^J |^ =A o P Xq0 , i.e. 
for an arbitrary operator A on functions 

if (A) = P " o fijw \~ =x ( P ^o A p -a 0) o p A 

All the maps are linear, sdiff p (M)-equivariant maps since the lifting II is a sdiff P (M)- 
lifting. Using equation fl22|) of lemma [TJ applied to the pencil {Fj^}, the relations (1211) . and 
the fact that the map II = 11^ is regular, we see that in the case if dimension of M is 
greater than 2 then 

fi(A) = A(\)P£ o (A) + B(X) (i? o (A))* + C(X)P£ o (l) + D(X) (i? o (A))*(l) . (24) 

Here A(X) , B (X) , C (X) and D(X) are vertical operators (jB]), that are polynomials in A of the 
form: 

n n 

A(X) = l-fe(A-Ao) , B(A) = (-l) n 6(A-A ) , C(A) = ^ c fc (A-A ) fe , £>(A) = 4(A-A ) fe , 

k=l k=l 

where {b, c^, df~}, k = 1, 2, . . . , n are constants. Note that difference of two arbitrary lifting 
maps (|24|) belong to linear space of liftings which vanish the space D Xq . We come to the 
following proposition 

Proposition 1. 1. All linear maps of the form (T24|) are regular SDiff P (M) -liftings defined 
on the space T) x n J(M). Ifn ^ 2, then the space of these liftings is an affine space of dimension 
2n + 1. Its dimension is equal to 2 if n = 1 (see the example \3.1\ below for more detail). 

2. If M is a connected manifold of dimension ^ 3 then an arbitrary regular sdiff P (M)- 

equivariant lifting of T)^ belongs to this affine space 

3. If in equation (124"|) b = 0, d\ = —c\ and di = C{ = for all i ^ 2 then we come to an 
affine line of strictly regular SDiff P (M) -liftings. If M is a connected manifold of dimension 
^ 3 then an arbitrary strictly regular sdiff p (M)-equivariant liftings of ' belongs to this 
affine line. 

Remark 7. The affine space (T24|) of sdiff p (M)-regular lifting maps has the following natural 
flag structure: 

• point — A = l, B = C = D = 0, i.e. the strictly regular lifting ng^A) = P£(A), 

• line — C = D = 0, i.e. the 1-parameter family ILj of regular liftings 

n 6 (A) = (1 - b(X - A ))Pf o (A) + (-1)«6(A - A Q ) (i? (A))* , 6el. (25) 

In the previous section we considered canonical liftings for first order operators, in the 
following example we will use the proposition to describe all regular sdiff (M)-equivariant 
lifings for first order operators and distinguish those that are diff (M)-equivariant. As a 
consequence we will describe all diff (M)-liftings for first order operators since any diff (M)- 
lifting is necessarily a sdiff (M)-lifting. 
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Example 3.1. Choose an arbitrary volume form p on M and pick an arbitrary Ao- Let A be 
a first order operator acting on densities of weight A , A G T)^(M). According to equation 

( l2"Uj) for the canonical liftings P£ f[T9~j) we have that 

A = Pf o (A) = A\x) + (A - A )r<(a;)) + B{x) , (A = A\x)d l + B{x)) , 

where as usual = — <9jlogp(x) (p = p(x)\Dx\) are components of a flat connection 

in the local coordinates x l . Hence using equation f[2"lj) we come to the following family of 
regular sdiff p (M)-liftings 

H(A) = (l-6(A-A ))Pr o (A)-6(A-A ) (P£(A)) Vc(A-A )^(l)+rf(A-A ) (if (A))*(l) = 

A\x)d l + B(x) + (A - A ) (hB(x) + k 2 d i A i (x) + (1 - X h - k 2 ) A i {x)Y i {x)) , h, k 2 eR 

(26) 

where we denote by k\ = c + d — 26 and k 2 = b — d. We come to a 2-parametric family of 
regular sdiff p (M)-liftings, i.e an afflne plane of liftings. It is evident that the above lifting 
is strictly regular lifting if k\ — 0. 

Now we can calculate all regular diff (M)-lifting maps on T)^(M). We have that a regular 
diff (M)-equivariant lifting is necessarily a sdiff (M)-lifting that does not depend on the 
volume form. One can see from equation ( 12T)|) that the regular sdiff (M)-liftings that do not 
depend on the volume form if k 2 + Ao&i — 1 = 0, i.e. k 2 = 1 — Ao^i- Thus we come to an 
affine line of diff (M)-regular liftings: 

n(A) = A% + \diA\x) + (l + h (X - A ) ) (B(x) - Xod^) , k x e R , 

which is just the family of canonical liftings f TT5]) ). In the case that ki = we come to the 
strictly regular diff (M)-lifting (compare with the canonical liftings ( FT2|) ). and finally in the 
case if k\ = 2/(2Ao — 1) we come to the anti- self-adjoint lifting (TT^|) (for Ao ^ \). 

We see that that diff (M)-equivariant liftings of first order operators are exhausted by the 
canonical liftings considered in the section 12.11 Later we shall apply these methods to the 
analysis of liftings for higher order operators. 

Example 3.2. Consider liftings of second order operators acting on densities of weight Ao 
and let A = S ij (x)d i d j + T i (x)d i + R(x) G T)f^(M). Its adjoint is of the form 

A* = S ij (x)(x)did 3 + (2d r S r \x) - T l ){x)d l + {R{x) - d T T\x) + d r d q S rq {x)) 
acting on densities of weight 1 — Ao (see ([9])). Consider the lifting ([19]) of both these operators: 

F£(A) = p^- Ao o A o p x °-~ x = S ij {x)d i d J + 2(A - \ Q )r{x)d i + T\x)d i + 

+(A - X ) 2 r(x)T t (x) + (A — X )d i T i (x) + (A - X )(T\x) - d r S ri (x))T t (x) + R(x) , 

(P£ (A))* = (i^(A*)) = S i \x)d i d j + 2(A + A - l)V i {x)d i + (2d r S n (x) - T i {x))d i + 

(X+Xo~l) 2 T i (x)T i (x)+(X+Xo-l)d i T\x)^l-X-X )T\x)T i (x)+R(x^^^ 

Here Ti(x) = — <9jlogp(x) and T l (x) = S' lk (x)T k (x) . 

For the rest of this example, to ease the calculations, we will suppose that local coordi- 
nate system (x l ) are normal coordinates with respect to the volume form p, i.e. p is the 
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coordinate volume form in these coordinates p = \Dx\. In particular in normal coordinates 
the connection F^x) = —dilogp(x) vanishes. In this case the above formulae become far 
simpler and we see that the regular SDiff (M)-lifting map (j24p has the appearance 

n(A) = A + 2b(\ - A ) (d r S"(x) - T\x)) + b(\ - A ) (9 r ^S"(x) - d^x)) <%+ 

(A - Ao) [U + c 2 (A - Ao)) R(x) + U + d 2 (\ - A )) (d r d q S rq (x) - d l T i (x) + R(x)) 

This regular lifting depends on 5 parameters and in general it is not strictly regular. For 
example take the first order operator A = T t {x)d, L + R{x) G D\^(M) {S lJ (x) = 0), then the 

lift is of the form 11(A) = A — 26(A — \o)T % {x)di + . . . , which is an operator of order 2 (if 
b 7^ and T l (x) ^ 0). We find that this lifting is strictly regular if b = c 2 = d 2 = and 
ci = -di. n(A) = A + d(\ - A ) (dg* - d r d q S rq ). 

4. Self- adjoint sdiff p (M)-liftings and diff (M)-liftings 

To use the results obtained above it is useful to think of diff (M)-liftings as sdiff P (M)- 
liftings which are independent of the volume form p. We will use this fact to describe 
diff (M)-liftings for higher order operators in this section. (For first order operators we did 
this in example 13.11 ) 

First we consider sdiff (M)-liftings, which are self-adjoint or anti-self-adjoint, depending on 
whether the number n is even or odd (see remark [2]). The condition of (anti)-self-adjointness 
arises naturally when one tries to minimise the dependance of lifting maps on a volume form. 

We show that if a lifting is invariant under a variation of the volume form (up to a vertical 
map) then it is (anti)-self-adjoint. This will lead us to give an alternative proof of existence 
and uniqueness of diff (M)-lifting for second order operators (this is just the self-adjoint 
lifting described in subsection 12 .2 j) and we will show that there are no diff (M)-liftings of 
operators of order ^ 3 for manifolds of dimension ^ 3. 

4.1. Self-adjoint and anti-self-adjoint sdiff (M)-liftings. As usual choose an arbitrary 
volume form p on manifold M. Pick an arbitrary n and Ao- In the flag of regular sdiff p - 
liftings of space D^(M) consider the line of liftings (j25]h IT, = fig^A), &Gl (see remark 
[7]). In the case that n is an even number, choose, in this family, the self-adjoint lifting of the 
space DjJ (in the case where n is odd we choose the anti-self-adjoint lifting). The condition 

that (n 6 (A))* = (-l) n fl 6 (A) implies that (1 - b(X - A ))* = b{\ - A ) i.e. 

' (27) 



1-2A 

Hence in the case that Ao 7^ \, we come to a distinguished pencil lifting map of belon King 
to the affine line (1251): 



Sdi S tin g .(A) = X ^_ 1 1 K ( A ) + (-^"^zr ( p '° (A) )* ' (28) 

which is (anti)-self-adjoint: (n disting .(A)) = (-l)"fl disting .(A). 
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Example 4.1. Take a 3-rd order operator 

A = S tkm d t d k d m + G lk d t d k + A% + R , 

acting on densities of weight A , A G where A ^ |. We choose normal cooridnates, i.e. 
coordinates such that volume form p = \Dx\. Then 

W ^ 1 (S lkm dAd m + G ik dA + . . (S^dAdTn + (G km - 30^) d k d m + ...) 

S^dMdrr, + 3^^-d t S lkm d k d m + ^—±G km d k d m + ... 
Zaq — 1 /Ao — 1 

(we denote by dots operators of order ^ 1). 

Now consider an arbitrary (anti)-self-adjoint liftings in the affine space f l24"|) . which differ 
from the distinguished lifting (j25|) by a vertical map C (A) Pg Q (A)(1) + D(X) (pj^A))* (1) 

(see equation fl24"l) ). The polynomials C(A) and D(X) in equation (T24"j) have to be self-adjoint 
vertical operators if n is even, respectively anti-self-adjoint if n is odd. One can see that 
these polynomials have the following appearance: 

n— p(n) n — p(n) 

C (x) = c * { t2k & - t2h ^) > D & = tP{n) E dk { t2k ^ - t2k ^) > ( 29 ) 

k=l k=l 

where t{\) = A — | is anti-self-adjoint linear polynomial in A: t*(A) = ^A — \ j = —A + ~ = 
—t(X), p(n) = if n is even and p(n) = 1 if n is odd. 

Proposition 2. For Ao 7^ | and n ^ 2 i/ie 2n + 1- dimensional affine space of regular 

sdiff P (M) -liftings of the space fT24"l) possesses a subplane of self- adjoint (anti-self-adjoint) 
liftings of dimension n (of dimension n—1) if n is even (ifn is odd) described by the equations 
(EHD. 



The affine line (125)) 0/ sdiff (M) -liftings possesses a distinguished lifting nesting. ( A) (T28l) . 
T/iis lifting is self-adjoint ifn is even, and it is anti-self- adjoint ifn is odd. 

Example 4.2. In example 13 .21 we considered regular liftings for second order operators. We 
now consider self-adjoint regular liftings of these operators. For an arbitrary second order 
operator acting on densities of weight A , A = S v (x)didj + T l {x)di + R(x) E T>\^ (A 7^ 1/2) 
according to the proposition self-adjoint lifting II has the following appearance: 

n(A) = n disting .(A) + (t 2 (A) - i 2 (A )) (cR + d (dAS ri - d t T + R)) . 

Using the equations for regular liftings from example 13.21 and equation f)28p , we have that 

n^. (A) = ^i p?o(A)+ W ( ^ (A); 
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and 



n(A) = S ij (x)d i d j + d r S ri di + 



2A 



•(7" d r S ri ) ■ 



A - Ar 



{diT - d r diS ri ) + R+ 



2A - 1 2A Q - 1 

+ (A (A - l) - A (Ao - 1)) (cR + d (d r diS ri - diT + R)) , (30) 

where c, d are arbitrary constants (We work in normal coordinates such that volume form 
p = \Dx\.). We come to the plane (2-dimensional space) of self-adjoint regular sdiff p lifting 

(I s ) 

maps of D x (Af) for Ao 7^ 1/2. Note that in the case if A 7^ 0, 1 this lifting map can be 
presented as the sum of canonical map ffTBT) (F = 0) and vertical map 



A A 



Ao (Ao - 1) ) ((c + d)X (Xo -l)-l)9(c- d)X + d) dtf) 



n(A): 

where 7*, 9 are upper connection and Branse-Dicke scalar corresponding to operator A (see 
section I2T2]) . 

4.2. Dependance of sdiff (M)-liftings and (anti)-self-adjoint liftings on the volume 
form. Now we shall calculate the infinitesimal variation of regular sdiff (Af) p -equivariant 
liftings (I24p with respect to an infinitesimal variation of the volume form. 

Pick an arbitrary n and Ao and choose within the affine space of liftings (|24|) an arbitrary 
regular sdiff P {M) -lifting, II. We shall calculate the variation of this lifting with respect to 
the variation of the volume form, p — y p + 5p, firstly by considering the canonical sdiff p (Air- 
lifting P x , (see f[T^]) ) which has the following variation: 



ft P p 



A- Ar 



p-Hp o P£ o - P£ o o Sp- X p 



A - A f 



An 



(31) 



(If p = p t is a one-parametric family of volume forms, then p t = p t (p t 1 p t ), where p t 1 p t is 
a scalar function and Sp = p t \ St.) 

Any lifting fT24|) is the sum of a lifting Ut, belonging to the affine line (T25]) . and a vertical 
map (see Proposition^]) . The variation of a vertical map with respect to volume form is a 
vertical map, hence we have that the variation of the regular sdiff ^-lifting (|24|) with respect 
to volume form p is equal to 

5 P IT: 



SpU(A) = 5 P ( I!;, (A) J + variation of vertical map 



A(A)fA-Ao) p-HfrP&iA) +B(X)(X + X -l) p^Sp, P Xq (A) 



vertical map 
= (1 + b (2A - 1)) (A - Aoj [p-'Sp, P p Xo (A) - 
+ 6(1 — A — Ao) (A - Ao) [p-Hp^^ (A) - ( -1)" (PP Q )* (A)] + vertical map (32) 



operator of order ^ n — 2 
A — Aq), the operator Pj^(A) — 



(Recall that (A - A )* = (1 - A - A ), the operator Pf (A) - (-l) n (PjC (A)) has order 
^ n — 1, and the commutator of two operators of orders m, n has order m + n — 1).) 

It follows from this relation that the condition b = , ^ (if Aq 7^ 1/2) f|2T|) . which means 



1-2 Ao 



that the lifting is the distinguished lifting up to a vertical map, is a necessary condition for 
the lifting to be independent of infinitesimal variations of the volume form (up to a vertical 
maps). We come to the following proposition: 
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Proposition 3. Choose a volume form p on manifold M. 

1. Let II = n disting be the distinguished sdiff P (M) -lifting ([25]) defined on the space T>^\m) 

•'An / \:-2i. 
Then 

WA) = (X ~ A ° 2 ) A ( ^ 1 A °" 1) [p-V^(A) - (-1)" (^(A)*)] . (33) 

2. Let II be an arbitrary regular sdiff p (M)-equivariant lifting defined on the space D^(M). 

Suppose that n ^ 2, and let A m T)^(M) be an operator of order n, i.e. A ^ D^~ l \M), 
such that the infinitesimal variation with respect to the volume form p of U at A vanishes: 

Then in the case the dimension of M is greater than 2 

• Ao 7^ \ since in the case of Ao = \ the sdiff -lifting of n-th order operator essentially 
depends on the volume form. 

• the lifting II is equal to the distinguished lifting (1251) up to vertical maps: 

11(A) = Hasting. (A) + vertical map, II* (A) = (— 1)"TI(A) + vertical map. 

In particular the canonical lifting of the operator Ao is (anti)- self- adjoint up to a 
vertical operator. 

Namely if an operator Ao has order n, (Ao G D^(M), and Ao ^ T>^ Q ^(M)) then due to 
equation (1321) the infinitesimal variation of the canonical lifting P£ at Ao does not vanish, 
[5 P , Pjf (A )] ^ 0, if (1 + b(2\ - 1)) ^ i.e. if condition ([27]) is not obeyed, and the pencil 
is not the distinguished pencil. In particular if Ao = 1/2 then the variation does not vanish 
for any choice of b. If Ao 1/2 then the variation has a chance to vanish only for the 
distinguished pencil. 

This proposition is crucial for extracting diff (M)-equivariant liftings from the class of 
sdiff (M)-liftings. To this end let U p be an arbitrary sdiff ^-lifting (T2"4"|) and let X be an 

arbitrary vector field on M. We can express the Lie derivative adx of the lifting U p in terms 
of the variation with respect to the volume form. The Lie derivative, adx, of an arbitrary 
operator is equal to ad^A : adxA(s) = £x (A (s)) — (A (£x s )) and for maps on operators 



acbcfl: adxn (A) = ad x (fi (A)) - (n (ad x A) 



If IT = LI p is a map of operators depending on the volume form p, such that for an 
arbitrary volume form it is sdiff p (M)-equivariant, then for a vector field X we arrive at the 
Lie derivative from the variation by setting Sp equal to £xP = pdiv p X: 

adxn" = OFL .. _.. (34) 

where div p X is the divergence of X with respect to p, see equation (J7J): If p = p{t) is 
one-parametric family then pdiv p X = Pt\ t _ and 5p = p t \ t _ Q St. This formula can be easily 

checked for the canonical lifting P£ and hence for an arbitrary lifting (I24p in the affine space 
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of regular sdiff (M)-equivariant liftings: 

ad^P(; ) (A) = adx(p^ Ao oAop A »-^-p^ A OoadxAop A «^= (a-A ) [div p X, P£(A)" . 
(Compare with equation (jHTl) .) 

Corollary 1. Let IT = n^ n ' ) be a regular sdiff P (M)- lifting defined on D^(M). Let the map 
II be diff (M)-equivariant at the given operator Ao of order n: 

VX,adxn(A)| A=Ao = 0. 

Then in the case the dimension of the manifold M is greater than 2, the weight Ao 7^ | and 

the lifting II is the distinguished (anti)- self- adjoint map up to a vertical map (see equation 
(128]) ). In particular 

Aq = (— l) n A + vertical operators. 

We use this corollary to study diff (M)-liftings for higher order operators. (Regular 
diff (M)-invariant pencil liftings for operators of order 1 were already described in section 
12.11 and example 13. ip . 

4.3. Regular diff (M)-liftings for second order operators. First we show that for 
weights Ao 7^ 0, 1/2, 1 on manifolds of dimension ^ 3 the self-adjoint canonical pencil lifting 
described in section 12.21 is unique, regular and diff (M)-equivariant lifting map on operators 
of order ^ 2. (Note that this lifting's uniqueness can be obtained using the isomorphisms 
obtained by Duval and Ovsienko [2], and our analysis gives a complementary geometric pic- 
ture behind their results.) Also we will explain why there is no diff (M)-equivariant lifting 
for the exceptional weights 0, 1/2 and 1. 

Recall that for Ao 7^ 0,1/2,1 one can consider the canonical self-adjoint lifting map on 
VfliM) (USD, which sends the operator A = S ij (x)d i d j + T i (x)d i + R(x) E D { ^(M) to the 
pencil 

n can (A) = S^didj + d^di + (2A - 1)7*3 + Xdrf + A(A - 1)6 , (35) 
where the upper connection 7* and the Branse-Dicke function 9 are equal to 



7 " ^Ao^T >° - VAo^T) [ R 2X^1 J' (36) 



The map fl35|) defines a regular diff (M)-equivariant lifting, and moreover this lifting is self- 
adjoint. (See equations f lT5|) . (fITj) and ( ITE]) in subsectior j2.2p . 

Let IT be an arbitrary regular diff (M)-equivariant lifting defined on D^ Q (M). We then 
already know that Ao 7^ \ (see corollary [TJ and we will show that the lifting, II, coincides 
with the canonical lifting Il can (if dimM ^ 3.) 

Choose an arbitrary volume form p. The lifting II has to be a regular sdiff p (M)-lifting, 
since it is a diff (M)-lifting. Hence it follows from Corollary [T] that 

n(A) = A 2 + A A °_~ 1 ^o( A ) + (K (A)) * + C(A)^ o (A)(1) + D(X) (j* (A) 



2A0 — 1 2A0 

v ~ ' Veal 

distinguished lifting nJ,2sting.( A ) ^ ^ 



(37) 
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Using calculations in example 13.21 collect the terms in the right hand side of this expansion, 
which are proportional to diT l (x) and to T l (x)Ti(x), where Ti(x) = —di log p(x) is connection 
of volume form, p (T l (x) = S (x)Tk(x)). We come to equations 

— A C(A) + (Ao — l)D(X) = , (terms proportional to diT l (x)) 
AgC(A) + (A - 1) 2 -D(A) = (A - A )(A + A - 1) , (terms proportional to P^T^x)) 

These condtions uniquely define polynomials C(A) and D(\). Thus independence on vol- 
ume form implies that only one sdiff p -map n(A) may be diff (M)-equivariant. This is the 
canonical map II can .. Hence II = Il can . 

Remark 8. We wish to calculate explicitly the vertical map in (|37|) . It is uniquely defined 
since it is equal to the difference between the canonical map (|35i) and the distinguished map. 
If Tj = — log p(x) is the connection associated to p, then using (120]) one can see that 

C(A)J* (A)(1) + D(X) (f£ o (A))* (1) = n can .(A) - < idistinguisl , ( A) = 

V v ' 

vertical map 

(A(A - 1) - A (A - 1)) (9 - 2V a l + S^T,) . 
We come to the cocycle like object c p (A) = 9{x) — 2^ l {x)Yi{x) + S , * J (x)r i (a;)r i (x). 

Now we consider the exceptional weights. First consider Ao = 1/2. For second order 
operators acting on half-densities their adjoint acts on half-densities too. If A = A* is a self- 
adjoint operator then choosing an arbitrary upper connection 7* one can consider different 
self-adjoint operator pencils passing through this operator A (see in more details in [7]). 
On the other hand there is no regular diff (M)-lifting defined on operators acting on half- 
densities, not even on the subspace of self-adjoint operators. Indeed every diff (M)-lifting 
has to be a sdiff p (M)-lifting, but in this case the lifting essentially depends on the volume 
form (see Proposition [3]). 

Now consider the case Ao = 0. An arbitrary second order operator acting on functions 
A = S^didj +T l di + R is defined uniquely by a contravariant symmetric tensor field S l \ an 
upper connection 7* = d r S n di — T % and a scalar function R = A(l). An operator A is the 
sum of a normalised operator A norm = S^didj + T l di, (A norm (l) = 0) and a scalar function 
R(x) = A(l). The diff (M)-module D^{M) of second order operators is the direct sum of 
the module of normalised operators and scalar functions. 

If 9 is an arbitrary Branse-Dicke function corresponding to an upper connection 7* (see 
Appendix [AJ then according to (flB]) one can consider the self-adjoint canonical operator 
pencil 

n , can (A) = S^didj + d r S r % + (2A - 1)7*$ + \d a l + A(A - 1)9 

passing through the normalised operator S^didj + (d r S ri di — 7*)^. This formula does not 
define a linear map even on the submodule of normalised operators (n 0iC an(Ai + A 2 ) 7^ 

n o ,ca4 A l)+ n 0,can(A 2 )). 

Choose an arbitrary volume form p and consider an arbitrary regular sdiff p (M)-lifting on 
2)( 2 )(M). We set A = in (J3ZD and come to the linear map 

fi'(A) = (1 - A)i? o (A) + A (Pf (A))* + C(A)if o (A)(1) + D(X) (pg (A))*(l) . 
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Now let us see how this lifting depends on p. Using equation (120 j) for the canonical lifting 
(TE?j) we have 

fip(A) = + <9 r S ri <9 4 + (2A - 1)7*$ + Ad i7 *+ 

+A(A - 1) (2 7 T,, - Pp) + (1 + C(X) + D(X))R(x) + £>(A)(d i7 * - $P - 7 *P + PP) , 

(38) 

where as usual T^x) = —di logp(x) is the flat connection induced by the volume form. One 
can see from this equation that the map IP depends on the choice of a volume form via the 
flat connection p for arbitrary vertical operators C(A) and D(X). (Terms proportional to 
T l (x)Ti(x) vanish only if D(X) ^ 0, and the terms proportional to <9jP(x), di r y l {x) vanish if 
D(X) = 0.) This dependance still exists if we define the map only on normalised operators. 
This implies that there are no diff (M)-lifting maps on nor its subspace of normalised 
operators. 

Analogous arguments work on the space of operators on densities of weight A = 1, since 
these operators are conjugate to operators on functions. 

The following "limit" construction may, however, be of interest 

Example 4.3. For arbitrary small Ao consider the composition of the canonical volume form 
lifting PjC . We come to 

= S ij (x)didj + d r S ri (x)di + (2A - l) 7 *(x) + \da\x) + A(A - l)9(x) , 

where 

IV = T *(A ) = d r S"(x) - T\x) + O(A ) , 

\e = 6(\ ) = + R(x) + d a \x) - d t r( x ) + Y^r^x) + o(x ) , 

Taking the limit Ao — > we come to a self-adjoint sdiff p (M)-lifting defined on the subspace 
of normalised operators (R = 0): 

9(A) = lim n can oP^ (A) = S^ x) d i d J +d r S ri{x) d l + (2X-l)Y(x) + Xd a i (x)+X(X-l)e p (x) , 

with7 l (x) = d p S pi (x)—T l (x) and 9 P = di r ) l (x)—diT % (x)+^ % (x)Ti(x). (0 p (x) is Branse-Dicke 
function corresponding to the upper connection 7* (see Appendix [A] 9 P — 27 l p + Pp = 
div p (7 — T)).) This exceptional sdiff p (M)-lifting is self-adjoint. 

4.4. Regular diff (M)-liftings for operators of order ^ 3. 

Corollary 2. If M is a manifold of dimension ^ 3 ; then for an arbitrary weight Xq, regular 
diff (M)-equivariant liftings defined on D^(M) do not exist if n ^ 3. 

Proof. Suppose that II is a diff (M)-equivariant lifting defined on D^(M). Choose an 
arbitrary volume form on M then II has to be sdiff p (M)-equivariant lifting. Due to the 
proposition [3] and corollarjfl] the lifting II is, up to a vertical map, the distinguished lifting 
nesting.- Consider the variation (133]) of this map with respect to a variation of the volume 
form. This condition cannot be satisfied for an arbitrary operator of order n — 2. Hence we 
come to contradiction. 
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This result is known from the works [S] and [TU]. However this does not exclude the 
existence of diff -lifting maps on some subspaces of differential operators of an arbitrary 
order n. Based on the results of corollary [TJ consider the following example 

Example 4.4. Consider M = M. d , d- dimensional affine space. (We suppose that all functions 
and densities are rapidly decreasing at inifinity) Choose a volume form p such that in a given 
Cartesian coordinates it is the coordinate volume form p = \Dx\. (In arbitrary Cartesian 
coordinates x 1 it will be equal to p = C\Dx'\, where C is a constant). 

Operators in M. d can be identified with contravariant symmetric tensors. Consider the 
subspace of symmetric divergenceless contravariant symmetric tensors: 

d ik S h " ik (x) =0. (39) 

Pick an arbitrary Ao ^ 1/2. We denote by L + the linear space of operators formed by 
symmetric contravariant divergenceless tensors of even rank, and by L_ the linear space 
of operators formed by symmetric contravariant divergencesless tensors of odd rank. (We 
assume that functions, tensors of rank belong to L + also.) Using equation (1281) for the 
distinguished lifting, consider the following liftings: 



n + is self-adjoint map ( 128[) on the whole space of operators. It is distinguised lifting map of 
spaces D^(M m ) for even n. Respectively anti-slef-adjoint map LI_ is the distinguished lifting 

for odd n. One can show that H+ is diff -equivaraint on the subspace L+, and respectively II_ 
is diff -equivaraint lifting on the subspace L_. This can be checked directly by applying equa- 
tions (I33p . Namely notice that the canonical lifting P£ (see equation (1191) ) is also self-adjoint 
on L + and it is anti-self-adjoint on L_. E.g. for A = S tkm did k d m , P£ (A) = S lkm did k d m and 
P^A))* = -did k d m (S ikrn ) = -S lkm did k d m since condition fl32D is obeyed (we work in 

Cartesian coordinates where p = \Dx\). Hence the canonical lifting P£ is equal to n + on 
L+, and P£ is equal to n_ on L_. It follows from equations ( 13"3"|) and ( l4"Uj) that infinitesimal 
variations with respect to the volume form of the liftings n+ on L + , and of Hi on L_ vanish. 
Hence due to equation (|34|) the lifting n+ is diff (M)-equivariant on L + , and respectively 
is diff (M)-equivariant on the subspace L_. 

5. Taylor series for operators on algebra of densities and self-adjoint 

liftings. 

5.1. Taylor series. Let A be an arbitrary operator defined on the algebra of densities on a 
manifold M which is provided with a volume form p. Pick an arbitrary weight Ao- Consider 
the restriction Ao = A|^_ A of the operator A on densities of weight Ao and the canonical 

lifting (IT9~]) of this operator, A = (A ). The operators A and A coincide at A = A , 
hence we have expansion 

A = Ao + (A-A )A (1) . (41) 
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Using this consideration repeatedly we come to the expansion of this operator as a power 
series: 

A = A ( o) = A + (\- A ) A(i) = A + (A - A ) A^ + (A - A ) 2 A {2) = . . . 

p n 

= ^(A - X ) k A k + (A - Ao) p+1 A (p+1) = ]T(A - \ ) k A k , (42) 

k=0 k=0 

where n is the order of the initial operator A. 

Here Aj is the restriction of an operator Ay\ to the subspace 3 r A (M) and Aj is the 
canonical pencil lifting f TTT?]) of A^: 

A j = ^U)\x = x ^ ? = ^( A i). J = 0,1,2,... 

The operators A^ and A^ have order ^ n — k if A has order ^ n. 
Formula (|42l) is an invariant expression for the expansions (j3j), (jSJ). 

5.2. Description of all (anti)-self-adjoint liftings. Now we use the Taylor series expan- 
sion for writing down a formula for all (anti)-self-adjoint liftings of an arbitrary operator. 

Pick an operator A of order n acting on densities of weight A , A G D^(M). We find all 
(anti)-self-adjoint liftings of this operator, more precisely self-adjoint liftings if n is even and 
anti-self-adjoint liftings if n is odd (see remark [2]). 

Consider first the case of Ao = 1/2. In this case the operator A* acts on half-densities 
also, so a (anti)-self-adjoint-lifting is possible iff A* = (— 1)™A, where n is the order of 
A. Let A be such a lifting of A = A : AU_, = A and A* = (-l) n A. Consider 

I A — Ao 

the Taylor series expansion (I42p of the operator A: A = Xlfc=o ~~ J ^k- Note that 

canonical liftings preserve self-adjointness (see (I2T!) ). Recalling also that the operator A — 1/2 
is anti-self-adjoint: (A — 1/2)* = —(A — 1/2) we come from this expansion to the fact 
that the operator A is self-adjoint (anti-self-adjoint) lifting of A = Ao if and only if all 
the operators {A , A 2 , . . . , A 2 fc, . . . } are self-adjoint (anti-self-adjoint) and all the operators 
{Ai, A 3 , . . . , A 2 fc+i, • • • } are anti-self-adjoint (self-adjoint). 

Thus we have described all (anti-)self-adjoint liftings for arbitrary operator acting on half- 
densities. 



regular self-adjoint diff (M)-lifting maps on the space D^ 2 (M). Here we considered self- 
adjoint liftings for individual operators A e D]j 2 (M). 



Remark 9. Recall that in the previous section we showed that in general there are no 

(n) 
1/2 

1/2 ' 

Now we consider the case of lifting of operators acting on densities of an arbitrary weight 
A ^ |. Let A be a lifting of A = A G D^(M), A ^ 1/2. Due to (Hljl 

A = Ao" + (A - A Q ) A ( i) , 

where as usual A is canonical lifting of operator A = AU . . To find conditions on the 
operator A(i) such that A is (anti)-self-adjoint it is convenient to consider its Taylor series 
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expansion fT42]) around Ao' = 1/2: A = A + (A — Ao)A(x) = 

n-l 



A + (A - A ) 



Ax + (A - 1/2) A 2 + (A - 1/2) A 3 + - • • + (A - 1/2)" A, 



(43) 



As usual here Aj is an operator of order ^ n — i and Aj is the canonical lifting of Af 
Aj = P_C o (Aj). Take the adjoint of this expansion, and using the fact that (A — 1/2) is 
anti- self-adjoint we compare the terms proportional to the powers (A — l/2) fc . We see that 
the condition of (anti)-self-adjointness for A, A* = (— 1)™A is equivalent to the equations: 

A k - (-l) n - k Al = (Xo - (A fc+1 - (-ir fc A* +1 ) , (k = 0,1,2,... n-l) 

for the operators A&, k = 0,1,2..., the "coefficients" in the power series ( 143 p . (The last 
operator A n is just a function.) One can parametrise solutions of this equation in the 
following way: For a given operator A G T)^(M) pick arbitrary operators standing on 
even places, operators {A 2 ,A 4 , ...} such that A 2fc G e $)^~ 2k > (k = 1,2,...). Then the 
operators {A 1; A 3 , . . . } at the odd places are equal to 

A 2t+1 = - ( - 1) ; A - + (2Ao - 1) *™ + t- 1 ^ , * = 0,2,4,... ,44) 

ZAq — 1 4 

In particular we see that all operators A& have order ^ n — k. 

Note that in the special case if the defining operators {A 2 , A4, . . . } vanish then for all 
k ^ 1 the operators A^ vanish, and formula f T43|) reduces to the distinguished map 



Remark 10. The constructions above fixes the one-to-one correspondence between the space 
of all self-adjoint operator pencils passing through given operators and the space of sequences 
of operators {A 2 , A 4 , . . . }. Both these spaces are independent of the volume form, but the 
correspondence established by the formulae above depends on the choice of the volume form 
which defines the Taylor series expansion (|44|) . 



Example 5.1. n = 2. Self-adjoint liftings are parameterised by just one operator of order 

)(2) 



0, i.e. a function: A 2 = F(x). Pick an arbitrary operator A = A G (X 7^ 1/2) and 



consider 

A = Ao + (A - Ao) (Al + (A - 1/2)F 

where due to (03} , F is an arbitrary function, Ai = + (_\ Q _ 1)^ = Pf (A ) 

and Ai = P^ Q (Ai). This expansion gives all operator pencils A passing throug given op- 
erator Ao (as always {Aa}: Aa = A|^_ A ). The family of these operators is in one-to-one 
correspondence with functions F on M. This correspondence depends on volume form 0. 

Now consider anti-self-adjoint liftings for third order operators. 



2 Compare with expansion (fT5)) in section l2\Tl where. for weights Ao 7^ 0, 1, the space of self-adjoint operators 
passing through a given operator was parametrised by the function F = A(l) independent of the choice of 
volume form (see also end of section 
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Example 5.2. n — 3. Pick an arbitrary third order operator Ao G , Ao 7^ 1/2. An 
antiself-adjoint lifting has the form 

A = Ao + (A - A ) (a; + (A - l/2)Al + ( A - l/2) 2 Al 

where A 2 is an arbitrary first order operator acting on half- densities, and the operators Ai 
and A 3 (which is a function) are expressed through the operator A 2 and the initial operator 
A Q . Recalling that by ffTTT) A 2 can be represented as A 2 = £a + S(x), where A is a vector 
field and S(x) is a scalar, and using equations (JHJ), we come to 

A = + \ A ° \ Al + ( A(A - 1) - Ao(A - 1) ) [ £, A + £^S(x) ) , (45) 

where A , Aq and (£a) are the canonical liftings f[T$j) of the initial operator A , its adjoint, 
and of the Lie derivative: 

La = A )) = I A - (A - A )div p A, 

where La is the Lie derivative on the algebra of densities (see equation f TTOj) ). Equations 
fH5|) describe all anti-self-adjoint liftings of third order operator in terms of arbitrary vector 
field and scalar function. They contain interesting geometrical data which we will discuss 
elsewhere. 

6. Strictly regular proj -liftings and self- adjoint liftings 

In section |4] we studied regular sdiff p -lifting maps and studied the special role of distin- 
guished (anti)-self-adjoint lifting (|28|) . In the previous section we studied all self-adjoint 
pencils passing through any given operator A. We used for this the Taylor series expansion 
based on strictly regular sdiff ^-equivariant canonical liftings ( 1T9|) . In section H] we con- 
sidered (anti-)self-adjoint liftings such that on the whole space D^(M), they are regular 
sdiff -equivariant lifting maps. In this section we will give a short description of another con- 
struction of self-adjoint liftings. We will construct self-adjoint liftings which are linear maps 
on equivariant with respect to a smaller algebra, the algebra of projective transforma- 
tions. For simplicity we consider here the case if M is d- dimensional affine space, M = M. d . 
The algebra proj (M. d ) is a finite dimensional subalgebra of vector fields on M. d . This al- 
gebra corresponds to the group of projective transformations of M.P d = SL (d + 1,M), the 
group of linear unimodular transformations of M. d+1 . The algebra proj (M. d ) is generated by 
translations <9j, linear transformations x l dk, and special projective transformations x % x k dk, 
(i, k — 1, . . . , d). Its dimension is equal to d + d 2 + d = (cZ + l) 2 — 1. 

Pick an arbitrary Ao, we will describe the construction of a strictly regular proj (M. d )- 
equivariant pencil map on D^IR^). This construction is based on the classical results of 
Lecomte and Ovsienko of constructing a proj -equivariant full symbol map on differential 
operators (see [9] or the book pTj). 

Symbols of differential operators are contravariant symmetric tensor fields on M. d which 
can be identified with functions on the cotangent bundle T*M. d which are polynomials on 
the fibres. In particular to an arbitrary operator A = S n " An di 1 ,,,i n + . . . one can assign its 
principal symbol, the contravariant symmetric tensor field [A] = S' n '" ln ^i^ 2 . . . £ n (£3 are the 
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standard coordinates in the fibres of the cotangent bundle T*~R d ). This assignment defines 
a canonical DifF (M d )-equivariant map from D^\M) to the space of symbols. However 
modules of differential operators and modules of symbols are not diff -isomorphic. Lecomte 
and Ovsienko constructed isomorphism, full symbol map, a\, such that for any given weight 
A it is a proj -equivariant isomorphism, between the space of linear differential operators 
on densities, of a given weight A, and symbols of operators, i.e. the space of contravariant 
symmetric tensor fields on This proj -equivariant isomorphism is uniquely defined by the 
normalisation condition of preserving the principal symbol of operator: 

a x (S'^d, ...d n )= S h -Hi ■■■Zn + ... (46) 

(Here and later we will identify contravariant symmetric tensor fields with functions poly- 
nomial on the fibers) For an arbitrary operator A = L n '"* n (9j 1 . . . <9, n G 2)^(1^) 

^ = E ( E c £° W 3* • • ■ d Pk L^™^£ h . . . &„_ fe ] , (47) 

n \fc=0 / 

where the coefficients cjj. (A) are polynomials in A, of degree ^n — k, = 1 (normalisation 
condition f )46|) ). Equivariance of the isomorphism <j\ with respect to the algebra proj (M. d ) 
and the normalisation conditions uniquely define these polynomials. Namely consider the 
equivariance condition £ x 'a(A) = a\ (ad x A). These conditions are evidently obeyed for 
translations and infinitesimal affine transformations (the vector fields di and x l dk)- Consid- 
ering equivariance for the special projective transformations, XW = x l x k dk H and applying 
these conditions to the full symbol map f )4T|) one comes to recurrent relations which define 
the polynomials c^\\) via the polynomials (A ). One finds that 

fn\ f\{d+ 1) + n- f 

4 n) = — '-. ( is) 

k K J 2n-k + d^ 

\ k 

where (^^j are the binomial coefficients. (See for detail [H] or book [H].) 

One can consider the map Q\, which is inverse to the full symbol map, a so called quan- 
tisation map (see [9] and [H]). It follows from normalisation condition (|46|) . equations (j4"Tj) 
and fj4*8|) that for the quantisation map 

Qx (/-"-"Ci -..£*) = L^dt . . . d n + ■ ■ ■ = 



E Ck\^)dpi ■ ■ ■ dp k L Pl "' Pkh ' in ~ k di 1 . . . d it 



~(n), 

fc=0 



where the c k (A) are polynomials in A of order n — k, which can be recurrently obtained 

I >) _ _ (n) 

-5 C l — C l ) ■ ■ ■ ■ 



from polynomials c["^(A) in equation (j4"8l . Cg = 1, " 



3 ad xC *,A = (£ X(I) L) 11 - 1 " ...i n - ^(Ao.nJS"* 3 - 4 "- 1 ^ . ..i n -i, where 
J>£f (A , n) = n + + X (d+ 1) 
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(2) (2,) 

Example 6.1. Consider the full symbol map and its inverse on D A z; (M): Given A G 



A = a(z)-gr + &(x)-§ + c(x) 



<r A (A) = a A f a(aO^) + 0>{x)-^j + "a (c(x)) = 

a(x)£ 2 - l a x{%)€ + ^^3 + ^ a xx{x) \ + {b{x)£ - Xb x (x)) + c(x) . 

Respectively for the quantisation map Qx = cr^ 1 we have 

Qx(a(x)e + b(x)£ + c(x)) = Qx {a(x)e) + Qx (b(x)O + Qx (c(x)) = 

. d 2 2A + 1 ,.d A(2A + 1) A / 1M d XL , A 

H — H g a>xx{x) I + I + AOs (a;) I + c(x) . 

Now using the proj (R n )-equivariant full symbol map, cr A , and its inverse, the quantisation 
map Q\ we construct strictly regular proj -equivariant pencil liftings. 
Pick an arbitrary weight A = Ao and consider on the D Ao (IR n ) a map 

2? Ao (M n ) 3 A ^ A = n(A): n(A)|^ =A = Qx K (A)) . 
With some abuse of language we say that 

n(A)| x=A = Qx(a Ao (A)) • ( 49 ) 

The map II is a composition of proj (M d )-equivariant maps, II^ =Ao = Qx o er Ao = id and 

it preserves the order of operators. Hence the map II is a strictly regular proj -equivariant 
lifting of D Ao (M d ). This is a unique lifting, by the uniqueness of map ( H7|) . 

Let us look in more detail at the structure of the proj -equivariant lifting map II. Pick n 
and consider the restriction of this strictly regular lifting map to the subspace of operators 
of order ^ n. 

For any operator A = A(o) G T> x n J(R d ) consider an operator Ao with the same principal 
symbol, [A] = [A ] such that the value of the full symbol map cr Ao at A is equal to its 
principal symbol. 

A = pr (A) = Q Ao ([A]) . 

The lifting map n = II o pr maps an operator A to an operator A = Q A ([A]) such 
that for the corresponding operator pencil {A A } (A A = Q A ([A])) all operators A A have 
the same symbol as the operator A. The operator A(i) = A — Ao is an operator of order 

^ n, A(x) G D^ 1 '. Applying the same procedure to the operator A^) and using these 
considerations repeateadly we come to a proj -equivariant decomposition of operators in 
2) A ™ } (M n ), and the lifting map (149]) acts on the n + 1 components individually: 

A = A ( o) = A + A x + ■ ■ • + A n , , A (i) = A f + • - • + A n , (50) 

n = n + ni + --- + n„, ,n fc = no P r fe , 

where Aj = prj(A) = Qx ([A^]). The operators Aj belong to T> x n Q l \M. d ), and the operator 
pencil Ili(A) = Ilj(Aj) is a lifting of the operator Aj. All operators of this pencil have the 
same symbol. The decomposition ( 150]) is a tool to describe all regular and all self-adjoint 
regular pencil liftings which are equivariant with respect to the algebra proj (M. d ). 
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Let II be an arbitrary proj -equivariant regular lifting of D^(R d ). Then it follows from 
uniqueness arguments that 

n 

n(A) = ^p fc (A)n fc (A), (51) 

k=0 

where Pfc(A) (A; = 0, 1, 2, ... n) are arbitrary polynomials on A of order n — k which obey the 
conditions that any polynomial Pfc(A) has an order ^ k and Pfc(A)|^_ Ao — 1, since the lifting 
is regular and LI(A) A=Ao = A. It follows from these conditions that 

P (A) = 1, Pi (A) = 1 + c(A - A ), and in general P fc (A) = 1 + (A - A )G fc _i(A) , (52) 

where Gjt-i(A) is an arbitrary polynomial of order ^ k — 1. We see that the space of liftings 
is a 1 + • • • + n = 1 - - dimensional affine space. (Compare with the dimension of the space 
of regular sdiff p -liftings in Proposition [1]). 

The same uniqueness arguments imply that in the decomposition (150]) all operators Aj = 
rijA(Aj) are self-adjoint or anti-self-adjoint: (^-i) = ( — l) n ~*Aj. Hence the regular lifting 
( 15T|) is a self-adjoint proj -equivariant regular lifting if n is even (respectively anti- self-adjoint 
lifting if n is odd) in the case that the polynomials Pfc(A) obey the additional condition of 
self-adjointness: 

(P k {X))* = (-l) k P k (\). 
These conditions with the conditions from equation ( 152]) imply that 

P (A) = 1, Px(A) = P 2 (A) = 1 + b (A (A - l) - A (A - r 

and in general P 2fc (A) = 1 + J2r=i c r (* 2r ( A ) - ^ r Oo)) and 



*Wi(A) = |^(l + X> (^(A) - t*(A )) , V (a ^ 



(53) 



where q, dj are constant coefficients, t(X) = A — ~ is anti-self-adjoint linear polynomial in 
A: t*(A) = ^A — |^ = —A + \ = —t(X). We see that space of liftings is n -dimensional 

affine space, here p(n) = for even n and p(n) = 1 for odd n. (Compare with the dimension 
of the space of self-adjoint regular sdiff ^-liftings, see proposition^.) 

Example 6.2. Consider liftings on second order operators acting on R. We already cal- 
culated the full symbol map and the quantisation map in example 16.11 We have that for 
A = a(x)-j^2 + H x )~tk + c ( x ) acting on densities of weight A , II (A) = o a Ao (A). 

Consider the decomposition (150]) . The principal symbol of the operator A is equal to 
[A] = a£ 2 , hence (see example 16.11) 

a < A\ n l #\ ( \ d2 j_ 2A ° + 1 d Aq(2A + 1) 
A = pr (A) = QxM ) = a \ x )-^a H 2 a *j~ H g a ^ 
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and 

A = n (A) = n (pr (A)) = Cfc([A]) = Q x « 2 ) = + ^f^a x d x + A(2A g + 1} a xx . 

(Note that for differential operators in the algebra of densities on R we have partial derivatives 
d x , not £.) Respectively A (1) = A - A = (b - ^a x ) d/dx + (c - Ao(2A 6 0+1) a^) , 

/ » \ ~ , A , (, 2A +1 \ cf . / 2A + 1 \ 
Ai = pr^A) = Q Ao (A (1) ) =16 a x J — + A I b x a xx I , 

A 1 = n 1 (A 1 ) = n(pr 1 (A)) = Q x ([A (1) ]) = (b - ^y-U) d x + A (b x - ^y-^*x) , 

and A 2 = A - A - Ai = c - X b x + Aq(2A 3 0+1) , A 2 = n 2 (A) = c - X b x + Ao(2Ao+1) . 
We have the decomposition of the strictly regular pencil: 

a = n(A) = n (A) + fix (A) + n 2 (A) = a + A a + a 2 . 

All regular proj -equivarariant pencil maps on D\ o J (R) according to ([EE]) are of the form 
9(A) = A + (l + h{\ - A )) Ax + (l + A; 2 (A - A ) + k 3 (\ - A ) 2 ) A 2 , 

where ki,k2,k 3 are constants. This is a 3-dimensional affine plane of liftings. All regular 
self-adjoint proj -equivarariant pencil maps on D Ao (R) according to (1531) have the form 

9(A) = A + Ai + (l + fc (A(A - 1) - Ao(A - 1))) A 2 , (54) 

where fc is a constant. 

This is an affine line of liftings. Compare these liftings with the canonical self-adjoint 
lifting (155]) . which in this case has the following appearance: 

n can (A) = a{x)d 2 x + a x (x)d x + (2 A - i)-y(x)d x + \d xl + A(A - l)9{x) , (55) 

where the upper connection 7 and the Branse-Dicke function 9 are equal to 

b(x) - a x (x) 1 / Xo(b x (x) - a xx (x))\ 
< (X) = 2A.-1 ' * W = VA^TJ J • < 56 > 

(Ao 7^ 0, 1/2, 1). Now substituting (J55|) into ( 1541) and comparing with (155"j) . we find 

n K (A) = n can (A) + k (A(A - 1) - Ao (Ao - 1)) \ 0(x) - 2 lx {x) + ^a xx {x)j , (57) 

(k = Ao(Ao — 1)A; — 1). The pencil maps 14(A) are regular and proj -equi variant, whilst 
14 can (A) is a regular diff -equivariant map. Hence the function 

§(x) = 6{x) - 2 lx (x) + ^a xx (x) (58) 

is invariant under projective transformations since both pencils are. Its variation under an 
arbitrary diffeomorphism gives us a cocycle which vanishes on projective transformations. 
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Using the equations of transformation for 7, 9 and a (see appendix |A} we come to the fact 
that under the diffeomorphism y = y(x), 

§\Dx\ 2 ^ §\Dx\ 2 - ( — - f (y^X I a(.r)\D.r\ 



and we see that we come to the Schwarzian. The appearance of this ubiquitous object here 
may not be too surprising, we shall delay a more detailed study of this until later. 

Appendix A. Connections and upper connections on densities, and 

Brance-Dicke functions 

In this Appendix we will give a brief recollection of the geometrical objects which appear in this 
article. For more details see [6]. 

A connection V on the algebra of densities defines a covariant derivative of densities with respect 
to vector fields. It obeys the natural linearity properties and the Leibnitz rule: 

• V x (*i + s 2 ) = V x («i) + V x (s 2 ) , 

• V /x+gY (*) = /V x (a) + gV Y (a) , 

• V x 0is 2 ) = V x Oi) s 2 + siV x O2) (in particular V x (/a) = (dx/) s + /V x (a)), 

for arbitrary densities s, s\ and S2, arbitrary vector fields X and Y, and arbitrary functions / and 
g. Here c?x is the ordinary derivative of a function along a vector field. 

Denote by Vj the covariant derivative with respect to the vector field d{ = d/dx l . For an 
arbitrary density s = s(x)\Dx\ x of weight A, 

VjS = (diS + Xjis) \Dx\ x , where ji(x)\Dx\ = Vi(\Dx\) . 

Under a change of local coordinates x % = x l (x'), the symbol 7 a transforms in the following way: 

dx 



H = x\ 7i' + di> log 



dx' 



x\ 7j/ - x 3 -^- 



We use the shorthand notations for partial derivatives: x\ = dx l /dx l and x % - k = d 2 x l / 'dx- Wx k . 
The connection also defines the divergence of a vector field 

div v X = diX 1 -7*X\ 

If the connection V is induced by a volume form p, V = V p then div ypX = div p X = p~ 1 di(pX t ). 

Let S 13 be a contravariant tensor field. One can consider a contravariant derivative or an upper 
connection S V on densities associated with S. This notion can be defined by axioms similar to 
those for a usual connection. In particular on volume forms (densities of weight A = 1), we have 

Vp = s V\p(x)\Dx\) = (S lj d jP + fp) \Dx\ . (59) 

Given a contravariant tensor field S 13 , a connection V (covariant derivative) induces an upper 
connection (contravariant derivative) S V by the rule = S^Vj. If the tensor field S lJ is non- 
degenerate, the converse is also true. A non-degenerate contravariant tensor field S lJ (x) induces a 
one-to-one correspondence between upper connections and usual connections. 

Under a change of coordinates the symbol 7* for an upper connection f)59[) transforms as follows: 

•<•: (-' • ^^lug ■ dr> 



det 

ox 



(60) 



It is worth noting that the difference of two connections on volume forms is a covector field, the 
difference of two upper connections on volume forms is a vector field. In other words the space of all 
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connections (upper connections) is an affine space associated with the linear space of the covector 
(vector) fields. 

Consider two important examples of connections on volume forms. 

Example A.l. An arbitrary volume form p defines a connection V p by the formula Ti = Tf = 
—di log p{x). If s = s(x)\Dx\ x is a density of weight A then 



This is a flat connection, i.e. its curvature vanishes: Fij = dijj — dj'ji = 0. 

Example A. 2. Let V T be an affine connection on a manifold M (i.e., a connection on the tangent 
bundle). It defines a connection on volume forms V = — TrV™ with j a = —T b ab where T bc is the 
Christoffel symbol for V™. 

Finally we shall mention Branse-Dicke functions. If 5 V is an upper connection for the symmetric 
contravariant tensor field S tk then an object 6 is a Branse-Dicke function corresponding to the upper 
connection 5 V if 9 - 27T1 + S ik YiT k is a scalar function, where Ti is an arbitrary connection. (If 
one changes the connection Ti to another, Ti, then an expression — 27T3 + S TjTf. changes by 
a scalar). It is easy to see that if the upper connection 7* corresponds to a genuine connection 7$, 
^1 _ g lk j kj then the function 7*7^ is a Branse-Dicke function. 

Under changing of coordinates the Branse-Dicke function transforms as follows: 



Branse-Dicke functions naturally arise when analysing second order operators. They play the 
role of second order connections. (See sectior j2T2l [6] and also equation ([58]) ,) 



Without loss of generality suppose that F is a function on operators which act on rapidly 
decreasing functions on d-dimensional affine space M. d (d ^ 3), and we take the volume form 
p = \Dx\ in chosen Cartesian coordinates x l . 

A differential polynomial F(A) which is invariant with respect to the algebra sdiff p (R n ) of diver- 
gencesless vector fields has to be invariant with respect to its subalgebra saff(m,lR) of translations 
and divergenceless linear transformations. It is the subalgebra generated by the vector fields di and 
x l dj — ^$jX k dk (i,j,k = 1 . . . , d) (translations and infinitesimal unimodular transformations). Due 
to classical results of invariant theory, the algebra of invariant tensors is generated by 5 l k and e n --- %d . 
Since the dimension d is greater than 3 all invariant differential polynomials are linear combinations 
of the coefficients of operators and traces of their derivatives. E.g. a differential polynomial F on 
second order operators which is saff -equivariant has the following appearance: 



F{S ik d l d k + Tdi + R) = ai S ik did k + a 2 diS ik d k + a 3 did k S ik + hTdi + b 2 d i T i + cR , (61) 



In the case of dimension d = 2 the invariant tensor e lk allows to consider maps such as as F{A % di + T) = 




6' = 9 + 2fdi log J + di log J S ij dj log J , where J = log det . 



Appendix B. Proof of lemma Q] 




ae m d l A m d m d n + be mn d m Rd, 
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We use induction on the order of operators. First we check by straightforward calculations that 
this is true for n = 1,2. Indeed if n = 2 then F has the appearance (|6ip . since it is necessarily 
saff (m, R)-equivariant. One can then proceed by direct calculations. For this it is useful to use 
that 

adx(T^) = (LxT^di, and adx^d^) = (L*S ij ) - S 1 K r i) r 

for a divergence-less vector field X, {piX 1 = 0.). 

Comparing the expressions for .F(adxA) and adx-F(A), where F is defined by (|61|) . we come to 
the requirement that b\ = a\ — a 2 and b 2 = —03- This implies equation (follj) . 

The statement that we want to prove for arbitrary n immediately follows from the following 
observation. 

Lemma 2. Let F be a linear sdiffp -equivariant map on 2)( n )(R m ) which depends only on the 
principal symbol of operator A. Then F vanishes: F = if n ^ 3. 

The result follows from above as given F, a linear sdiff p -equi variant map on DW(l m ) for n ^ 3, 
we have that, by the inductive hypothesis, the restriction of F to the subspace T>( n_1 )(IR m ) obeys 
the condition i.e. F = aA + oA+cA(l) + dA+(l) on D( n - 1 )(R m ). Hence the map F' = 

F — aA + 6A + cA(l) + dA + (l) on D( n )(R m ) depends only on the principal symbol of the operator 
D. Due to the lemma [H F' = 0, i.e. F has the appearance (|62p . 

It remains to prove lemma ([2]). Suppose F(A) on D( n ) depends only on principal symbol of A: 

f (s h - l "d h ...d ln + ...)= aoS^di, . . . d ln + ai d n s^-^d l2 . . . d ln +a 2 d il d n s lli2i3 - in d i:i . . . d in + 

It suffices to prove that ao = 0. Namely suppose that ao = a\ = ak-i = (k ^ 1), then consider 
the map S n - ln -> aud^ . . . d ik S ll - tk%k + l -' ln . If a\ = ■ ■ ■ = a^i = then this is a map from the 
principal symbol of A to the principal symbol of the operator F(A). Hence this is sdiff p-equivariant 
map. On the other hand this map is not sdiff p -equivariant if 7^ (if n 2). Hence a& = also. 
Thus we have shown that from the fact that ao = it follows that F = 0. 

One can prove that the condition ao = is necessary condition by straightforward calculations, 
comparing the expressions for adx-F(A) and F(adxA). These calculations can be essentially facil- 
itated if we consider the map F on operators such that (9j 1 S'* 1 * 2 "'* n <9j 2 . . . di n identically vanishes in 
a vicinity of given point. We have that in this case -F(adxA) = F ((£x<ST 1 '"~ ?l <9j 1 . . . <9j n ) = 

«o (£xS) h - 1 " d h ... d in + ai d p (L x sy i2 - A " d l2 ... d in + a 2 d p d q ocxST* 3 '"'" $3 ■■■$« + ••• = 

a 7 - 01 (n - l)7i - a 2 ((n - 2)7 2 - T 3 ) + . . . 

and 

adxF(A) = ad x (a S^d n . . . d in ) = a (t - ^-H^ - n ( n ~ W n ~ 2 ) ? 2 + „\ 

where we denote T = (L x S) h - in d h . . . d{i n ), 7 X = S pqi:i - i "d p d g K i2 d l2 ...d in , 

T 2 = S pqsii - in d p d q d s K^d is ...d in and T 3 = d p Si si *- in d q d s d s KPd i3 . . . d in . Comparing the terms 

proportional to 7 2 and T3 we see that on one hand a 2 = "^T^ ao and on the other hand a 2 = 0. 
Hence ao = 0. 
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